HYPERSURFACES WITH INFINITELY MANY GALOIS POINTS 



SATORU FUKASAWA 

Abstract. A point P in projective space is said to be Galois with respect to a 
hypersurface if the function field extension induced by the projection from P is 
Galois. We settle hypersurfaces of dimension n with n-dimensional sets of Galois 
points. 

1. Introduction 

Let the base field K be an algebraically closed field of characteristic p > and let 
X C P™ +1 be an irreducible and reduced hypersurface of dimension n and of degree 
d. H. Yoshihara introduced the notion of Galois point (see [U OH ttH EG] )• If the 
function field extension K(X)/K(¥ n ) induced by the projection irp : X —-> ¥ n from 
a point P G P n+1 is Galois, then the point P is said to be Galois. In this paper a 
Galois point P means Galois point which is contained in the smooth locus X sm or 
pn+i \ x. Let A(Jf) (resp. A'(X)) be the set of all Galois points contained in X sm 
(resp. P™ +1 \X). 

Galois point theory has given a new viewpoint of classification of algebraic va- 
rieties, by the distribution of Galois points (see PQ [21 El IH LZl 01 LTHl LTH H2])- For 
example, if n = 1, then Fukasawa and Hasegawa characterized plane curves with 
infinitely many Galois points ([21I3])- In this article, we generalize their theorems. 

Theorem 1. Let X C P n+1 be a hypersurface of dimension n > 1 and degree d > 4 
in characteristic p > 0. Then, the following conditions are equivalent. 

(i) There exists a non-empty Zariski open subset U of X such that U C A(X). 

(ii) p > 0, d = p e for some e > 0, and X is projectively equivalent to a hyper- 
surface defined by X$ _1 Xi — = 0. 

In this case, A(X) = X \ {X = X 2 = 0} and the induced Galois group Gp is a 
cyclic group of order p e — 1 for any point P G A(X). 
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Theorem 2. Let X C P ra+1 be a hypersurface of dimension n > 1 and degree d > 3 
in characteristic p > 0. Then, the following conditions are equivalent. 

(i) There exist an irreducible Zariski closed subset Y C P n+1 o/ dimension n 
and a non-empty open subset Uy ofY such that Uy C A'(X). 

(ii) p > 0, d = p e for some e > 0, and X is projectively equivalent to an 
irreducible hypersurface whose equation is of the form 

e n+ 1 

Y^ayXg^X? = 0. 

j=0 i=l 

In this case, A'(X) is a Zariski open set of a hyperplane (see Proposition^) and the 
induced Galois group Gp is isomorphic to (Z/pZ)® e for any point P G A'(X). 

To prove these theorems, we also prove Propositions [1] and [2] which may be called 
"hyperplane-section theorems" for hypersurfaces with Galois points (see [H Theorem 
1.3] for normal hypersurfaces). 

2. Preliminaries and Lemmas 

Let X C P ra+1 be an irreducible hypersurface, let Sx be the singular locus of X 
and let X sm = X\Sx be the smooth locus. We denote by T P X C P n+1 the projective 
tangent space at a smooth point P G X \Sx- Let P n+1 be the dual projective space 
which parameterizes hyperplanes of P n+1 . The Gauss map 7 of X is a rational map 
from X to P n+1 which sends a smooth point P to the tangent space TpX. If F is 
the defining polynomial of X, then 7 is given by (dF/dXo : • • ■ : dF / dX n+ \). Let 
T x ■= f] PeX TpX. If T x 7^ 0, then X is said to be strange and T x is called a 
strange center. A strange center is a linear space. It is well known that (the function 
field extension induced by) the projection from Tx is separable if and only if X is 
a cone with center Tx- Therefore, any strange variety is a cone with center Tx if 
p = 0. 

For distinct points P, Q G P n+1 , we denote by PQ the line passing through P 
and Q. For a point P G P n+1 , the projective space P n parameterizes lines passing 
through P. Then, we can identify 7tp(Q) = PQ for any point Q G X \ {P}. If 
P = (0 : ■ ■ • : : 1), then 7Tp(X : • • ■ : X n+1 ) = (X : • • ■ : X n ), up to the projective 
equivalence of P n . 

We note the following Bertini theorem (see [5j Theorem 1.1]). 
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Lemma 1. For a general hyperplane H C P n+1 ; the hyperplane section Xh '■= XdH 
is an integral scheme. 

Let P be a Galois point for X. We denote by Gp(X), or simply Gp, the Galois 
group induced by the Galois extension. Then, any element of Gp(X) corresponds 
to a birational map from X to itself. Let Bir(X) be the group consisting of all 
biratinal map from X to itself. We can consider Gp(X) as a subgroup of Bir(X). 
For cr G Gp(X), we denote by U a is the maximal open subset of X on which cr is 
defined. We denote by U[P] = f\ eG p u °- 

Lemma 2. Let P G P n+1 be a Galois point and let a G Gp be an induced birational 
map from X to itself. Suppose that H is a hyperplane such that P G H and Xh 
is an integral scheme. Then, Xh D TJ a 0. Furthermore, if P Sx H , then the 
restriction map cr\x H ^ s a birational map from Xh to itself. 

Proof. For the first assertion, see the proof of [61 V. Lemma 5.1]. Now, Xh cor- 
responds to a regular point of codimension one in the scheme X. We can prove 
the first assertion by using a valuative criterion of properness for X. We prove 
the second assertion. Let r be the inverse of a. Then, a is an isomorphism from 
U[P] n a- x U[P] to U[P\ n t- 1 U[P}. By definitions of ir P and a, a(X H ) C X H . If 
U[P]na- l U[P]nH ^ 0, we have the conclusion. Assume that U[P]na' l U[P]nH = 
0. Then, <r(U[P]r\H) C (XnH)\(U[P]nH). Since U[P] n H is of dimension n- 1 
and (X R H) \ (U[P] D H) is of dimension < n — 2, (T _1 (cr((5)) is one-dimensional 
for a general point Q of X n H. By definitions of 7Tp and a, PQ C X (1 H. Then, 
Xh is a cone with center P. Therefore, P G Sx H - This is a contradiction. □ 

Lemma 3. Let P be a Galois point for X and let Q,R G X \ TpX such that 
7Tp(Q) = TTp(-R)- Assume that Q G ?7[P]. TTien, t/iere eaxsfe cr G Gp swc/i i/iat 
<t(Q)=R. 

Proof. Let (X : • • ■ : X n+1 ) be a system of homogeneous coordinates, let Xi = XJXq 
for i = 1, . . . , n + 1, let 

F(X , . . . , X n+ i) = AdX^ +1 + • • • + AiX n+ i + A 

be the defining homogeneous polynomial of X, where A^ G K[Xq, . . . , X n ]. We define 
f(x u . . . ,x n+1 ) := F(l,x 1 , . . . ,x n+ i) and a^Xi, . . . , x n ) := x u . . . ,x n ). We 

may assume that P = (0 : • ■ ■ : : 1) and R — (1 : : • • - : 0) for a suitable system of 
coordinates. Then, the line passing through P, Q, R is given by X\ — • ■ ■ — X n = 0. 
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Since f(R) = 0, ao(0, . . . , 0) = 0. Then, we can take 7Tp(l : x\ : • • • : x n+ i) = (1 : 
X\ : ■ ■ • : x n ) and np{Q) = np(R) = (1 : : • • ■ : 0). We consider a function x n+ \. 
Assume that <j(Q) ^ R for any a G Gp. Then, x n+ i(a(Q)) ^ for any a G Gp. 
Let g = Y[ a a*x n+1 . Then, g(Q) ^ 0. 

Assume that P ^ X. Then, a d G A' \ and g = (— l) d a /ctd. Since ao(0, . . . , 0) = 
0, we have g(Q) = 0. This is a contradiction. Assume that P G X sm . Then, 
Ad = and Aj-i ^ 0. Note that Ad-i = is the defining equation of TpX. 
Since R £ T P X, a d _i(0, . . . , 0) = A d _i(l, 0, . . . , 0) ^ 0. Then, we have g(Q) = 
((—l) d ^ 1 a /a d _ 1 )(Q) = 0. This is a contradiction. □ 



3. Case of inner Galois points 

We can prove the following hyperplane-section theorem for a hypersurface with 
an inner Galois point in general. 

Proposition 1. Let X C P n+1 be an irreducible hypersurface, let H C P n+1 be a 
hyperplane and let P G A(X) fl if. Assume that Xh is an integral scheme and 
P ^S Xh U T Xh . Then, P G A{X H ). Furthermore, G P (X) = G P (X H ). 

Proof. We consider a homomorphism of groups 

: G P -> G;cr ct| Xh , 

where G = {a G Bir(X^)|(r(X^n/\{P}) C X^nZ for a general line I such that P G 
/ C P}. Since P G" Sx^, it follows from Lemma |2] and the definition of Galois point 
that is well-defined. Assume that <fi is not injective. Since P G" Sjfff, ^ 7^ TpX. 
It follows from Lemma [3] that X# fl / \ {P} consists of at most d — 2 points for a 
general line / C H containing P. By Bezout theorem, there exists a point Q in / 
such that the multiplicity of Xh Hi at Q is at least 2. Then, the tangent space TqX 
contains I, and hence P. Since / is general, P G Px H - This is a contradiction. Since 
the order of G is at most d — 1 and is injective, is an isomorphism. Then, P is 
Galois for X#. □ 

We consider Theorem[TJ Let U be an open set as in Theorem[]Ti) and let H C P n+1 
be a general hyperplane. By Lemma (U Xh is integral. Then, we may also assume 
that U PI P 7^ 0. Therefore, we have the following. 
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Corollary 1. Assume that the condition (i) in TheoremUl holds . Then, for a general 
hyperplane H , there exists a non-empty Zariski open set Ux H C Xh such that Ux H C 
A(X H ). 

Proof. We can take U Xh = (U n X H ) \ {Sx H UT Xfl ). □ 

Proof of Theorem^ We prove the implication (i) =>■ (ii). We use induction on 
dimension n. If n = 1, then the assertion is nothing but a result of Fukasawa and 
Hasegawa [3]. We consider the case where n > 2. Let H C P n+1 be a general 
hyperplane. By Lemma HJ Xh is integral. Now we may assume that U f] H ^ It 
follows from Corollary [TJ that there exists a Zariski open set Ux H C such that 
C A(X H ). By the assumption of induction, p > 0, d is a power of p, and 
X H C ii = P n is projectively equivalent to Xo _1 Xi - X$ — 0. The Gauss map 
7x H for Xp is given by {-X^ 2 X 1 : X^" 1 : : • • • : 0), if X H C F n is given by 
X d_1 Xi - X 2 d = 0. Therefore, we find that T x „ is a linear space of dimension n — 2 
with Tx H ^ Xh, and a general fiber of 7x H is a linear space of dimension n — 2. 
Since if is general, Tx is a linear space of dimension n — 1 with Tx ^ X. Since 
TqX h = TqXHH for any smooth point Q G X#, 7x H coincides with the restriction 
map j\x H - Since a general fiber of ^x H is a linear space of dimension n — 2, a general 
fiber of 7 is a linear space of dimension n — 1. 

Let P G X be a general point. Since the linear spaces 7 _1 (7(P)) of dimension 
n — 1 and Tx of dimension n — 1 are contained in the projective space TpX of 
dimension n, these intersect along a linear space Lp of dimension n — 2. If Lp> ^ Lp 
for a general point P' G X, then Tx is contained in X, since Lp> C Tx- This is a 
contradiction. Therefore, Lp/ = Lp. Then, X is a cone with a (n — 2)-dimensional 
center L. For a suitable system of coordinates, we may assume that L is defined 
by X = X\ = X 2 = and X is defined by P(X ,Xi,X 2 ) = 0. We may assume 
that H is defined by X n+ \ — {clqXq + • • • + a n X n ) = 0. Then, Xh is given by the 
same equation F = and there exists a linear transformation <f> : H — ^ H such that 
0(X H ) is defined by F l := X^^Xi-Xf = 0. Then, 0(LnP) = LnP. Therefore, 
gives an automorphism of the sublinear system (X ,X 1 ,X 2 ) of P°(P n , 0(1)) which 
is given by LC\H. This implies that X is projectively equivalent to the hypersurface 
defined by X*~ 1 X l - X% = 0. 

We consider the implication (ii) (i). Let F = Xq ~ 1 Xi — Xf be the defining 
polynomial. It is not difficult to check that the singular locus S x of X is given by 
X = X 2 = 0. Let P G X\Sx- Then, P = (1 : b\ : • • • : & n+ i) for some b\, . . . , b n+ i G 
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K with bi = b\ • The projection -k p is given by {X\— &iX : • • • : X n+1 — 6 n+1 X ). Let 
X, = X - 6,X . Then, F(X , X x + b x X , . . . , X n+1 + 6„ +1 X ) = (X x + &iX )X p£ - 1 - 
(X 2 + b 2 X y = X.Xf- 1 - Xf = F(X , Xi,..., X n ). Then, vr P = (X : X x : • ■ • : 
X n+1 ). Therefore, we have a field extension X(x , x 2 , . . . , x n+ i)/K(x 2 , ■ ■ ■ , sc n +i) 
with a relation F(a;o, 1, x 2 , ■ ■ ■ , x n+ i) = Xq _1 — x\ = 0. It is not difficult to check 
that this is a Galois extension, which is cyclic of degree p e — 1. Therefore, we have 
A(X) = X\{X = X 2 = 0}. □ 

4. Case of outer Galois points 

We can prove the following hyperplane-section theorem for a hypersurface with 
an outer Galois point in general. 

Proposition 2. Let X C P™ +1 be an irreducible hypersurface, let H C P n+1 be a 
hyperplane and let P e A'(X) PI H . Assume that Xh is an integral scheme and 
P£T Xh . Then, P e A'(X H ). Furthermore, G P (X) = G P (X H ). 

Proof. We consider a homomorphism of groups 

: G P -)■ G;a ^ a\ Xll , 

where G = {a G Bit(Xh)\o'(X h Dl) C n Z for a general line Z such that P E I C 
H}. Since P ^ X^, it follows from Lemma [2] and the definition of Galois point that 
4> is well-defined. Assume that <fi is not injective. It follows from Lemma [3] that 
Xh H Z consists of at most d — 1 points for a general line Z C if containing P. By 
Bezout theorem, there exists a point Q in Z such that the multiplicity of Xh H Z at 
Q is at least 2. Then, the tangent space TqX contains Z, and hence P. Since Z is 
general, P G Tx H - This is a contradiction. Since the order of G is at most d and (ft 
is injective, is an isomorphism. Then, P is Galois for Xh- D 

We consider Theorem [21 Let Y, Uy be as in Theorem [2]^i) and let if C P™ +1 be 
a general hyperplane. By Lemma [T], X# and Y# are integral. Then, we may also 
assume that Uy H if 7^ 0. Therefore, we have following. 

Corollary 2. Assume the condition (i) in Theorem^ holds. Then, for a general 
hyperplane H , there exists a non-empty Zariski open set Uy H C Yh such that Uy H C 
A'(Xh). 



Proof We can take Uy H = (U Y HH)\ T Xh . 



□ 



HYPERSURFACES WITH INFINITELY MANY GALOIS POINTS 7 

Lemma 4. Let n = 1. Assume that there exists an irreducible plane curve FcF 2 
and a non-empty open set Uy CY such that Uy C A'(Jf). Then, 

(1) Y is a line, and 

(2) if we take a linear transformation such that (f)(Y) is defined by X = 0, 
then the defining polynomial 4>(X) is of the form Ylj=o Si=i 0L ^j x% i + c = ; 
where c G K . 

Proof. Let (X : Xi : X 2 ) be a system of homogeneous coordinates and let Xj = 
Xi/Xo for i = 1, 2. By a result of Fukasawa [2], Y is a line and there exists a linear 
transformation ip such that V'PO is defined by / := YTj=o Y^=i OL ii'^i = 0- Then 
ip(Y) is defined by Xo = 0. Let be a linear transformation as in the assumption (2). 
Then, <j>{X) is given by (ip o 0" 1 )* f = 0. Let x { := (ip o 0~ 1 )*a; i = /3 i0 + fti^i + ^2^2, 
where G X, for i = 1, 2. Then, 0(X) is given by f(xi, £2) = 0, where £2) = 
Z)j=o Tij 3 ^ + c for some acij,ce K. □ 

Proof of Theorem^ We consider the following condition (P n ): If X C p n+1 is an 
irreducible hypersurface, and there exists an irreducible hypersurface K C P n+1 and 
a non-empty open set Uy of V such that Uy C A'(X), then 

(1) F is a hyperplane, and 

(2) if we take a linear transformation such that 4>{Y) is defined by X = 0, the 
defining polynomial of (f>(X) is of the form Ylj=o ^"^i. 1 a ij x f + c = 0, where 
c G K. 

We prove We use induction on dimension n. If n = 1, then the assertion is 

nothing but Lemma HI We consider the case where n > 2. Let ii C P n+1 be a 
general hyperplane. By Lemma [T], and Y# are integral. Now we may assume 
that Uy fl 7^ 0. It follows from Corollary [2] that there exists a non-empty Zariski 
open set Uy H C A'(Xh)- By the assumption of induction, p > 0, d is a power of p, 
and Xjj c H = P n_1 is projectively equivalent to $^ =0 Y17=i + c = 0. Since 

if is general, Sx and Tx are linear spaces of dimension n — 1 and Y is a hyperplane. 
We have the result (1) of (P n ). 

We take a linear transformation such that 4>{Y) is defined by X = 0. Let P = 
(1 : ai : . . . : a n+ i) G X be a general point and let if be a general hyperplane passing 
through P. Then, there exists an open set Uy H C Y H such that Uy H C A'(X#). 
If we take a linear transformation %p = (Xo : X\ — o\Xq : ■ • • : — a n+ iX"o), 

then ip(P) = (1 : : • • • : 0), ip{<f>{Y)) is defined by X = and V(^0 is defined 
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by X n+ i — b\Xi + • • • + b n X n = for some hi G K. Let F(X , . . . , X n+ i) be the 
defining polynomial of ip(X), let / = P(l, x%, . . . , x n+ \) and let x = b±xi + ■ ■ - + b n x n . 
Then, f(0, . . . , 0) = since (1 : : • • • : 0) G ip(X). Since ip(X) n ip(H) satisfies 
the condition (P n _i) by induction, gf(xi, . . . ,x n ) := /(l 

) = Yji.j fiiiA 

for some Pij G -ft', similarly to the proof of Lemma HI If / has a term of degree 
not equal to some power of p, g has such a term for a general hyperplane H with 
P G H . Therefore, / has only terms of degree equal to some power of p. Let f p i 
be the component of / of degree p 1 for i = 0, . . . , e. Then, f p i(xi, . . . , x n , x) be the 
component of g of degree p\ By the condition (2) of (P n _x), f p i(xi, . . . , x n , x) should 
be of the form /z pl for some linear polynomial . . . ,x n ). Since P is general, 
f p i(xi, . . . ,x n+ \) should be of the form h v% for some h(xi, . . . , x n+ i). Therefore, 
ip{X) is given by the polynomial as in the condition (2) of (P n ) and hence, 4>(X) 
also. 

The implication (ii) =>■ (i) is derived from Proposition [3] below. □ 

Proposition 3 (cf. [2J, Propositions 2 and 3). Let X be an irreducible hypersurface 
defined by the equation in Theorem \B(H) and let H be the hyperplane defined by 
Xq = 0. Then, we have the following. 

(i) Sx and Tx are linear spaces of dimension n — 1 which are contained in Hq. 

(ii) A'(X) = H \(S X UT X ). 

(iii) For any point P G A'(X), any birational map induced by Gp is a restriction 
of a linear transformation off 2 . 

(iv) For any point P G A'(X), the Galois group Gp is isomorphic to [%jp r £)® e . 

(v) A(X) = X sm if X is projectively equivalent to the curve defined by Xq ~ 1 X 1 — 
X\ = 0, and A(X) = otherwise. 

Proof. Let F = Ylj=o Yl'i^i a ij^o ~ pJ Xf be the defining polynomial. It is not 
difficult to check that Sx is given by X = Yl"i=i a ieX\ = and Tx is given by 
Xq = Y^i=i a ioXi = 0. Therefore, we have (i). 

We prove that H \ (Sx U Tx) C A'(X). There exists i such that ^ 0. 
We may assume that i = 1. Let X x = Yli=i a io^i- Then, 0(X O , . . . , X„ +1 ) = 
(Xq, Xi,X 2 . . . , X n+ i) is a linear transformation and 4>{Sx) is given by X = Xi = 0. 
By considering <j)(X) as X, we may assume that Sx is given by Xq = X\ = 0. Let 
P G Hq \ (S x U T x ). Then, P = (0 : 1 : b 2 : ■ ■ ■ : b n+i ) for some b 2 , . . . , b n+1 . The 
projection Tip is given by (1 : x 2 — b 2 X\ : • ■ ■ : x n+ i — b n+ \Xi). Let X{ = Xi — hX\. 
Then, we have a field extension K(xi,x 2 , . . . , x n+ i)/ K(x 2 , . . . , x n+ i) with a relation 
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g(xi, x 2 ,..., x 2 ) = P(l, xi, x 2 + 62^1, • • • , x n+ i + b n+ ixi) = 0. By the form of F, g is 
of the form ^ . flijxf for some fiij G K. Since P G" AUTx, this extension is Galois 
of degree p e and the Galois group is isomorphic to (Z/pZ)® e (see (SJ pp. 117-118]). 
Therefore, we have i?o \ (>Sx U Tx) C A'(A). By considering the form g, we find 
that the assertions (hi) and (iv) hold for any Galois points in Hq \ (Sx U Tx)- 

We prove that A' (A) C H \ (Sx U Tx). If this is proved, then we have (ii), (iii) 
and (iv). If n = 1, then this is a result of Fukasawa (see j2[ Proposition 2]). Assume 
that n > 2 and there exists an outer Galois point P G" H Q for X. Note that any 
automorphism induced by any Galois point in H is a linear transformation. By 
considering the actions of Galois points in H , we have infinitely many Galois points 
in the affine plane P n+1 \ Hq. By counting dimension and Lemma [T], there exists an 
outer Galois point P' and a hyperplane H such that P' G H, A'(X)nH nH 7^ and 
Xh is an integral scheme. Since Tx C\H C Tx H and this linear space is of dimension 
n-2, P T Xh . It follows from Proposition[2]that {P}U(A'(X)rW n#) C A'(X H ). 
When n — 2, Xjj is a curve and this is a contradiction. By using induction, we have 
a contradiction for any n > 2. 

We prove (v). Assume that P G A(X). Since A n H = S x , P G X \ H . Let 
P' E X\H such that the line PP 7 intersects the set A'(A). Let R G PPn A' (A). 
Since any element of Gr is a linear transformation, it follows from Lemma E] that 
there exists a & Gr such that cr(P) = P' . Since P is Galois, P' is also Galois. 
Therefore, if one inner Galois point exists, then almost all points of A are inner 
Galois points. It follows from Theorem [1] that A is projectively equivalent to the 
hypersurface defined by Xf~ 1 X 1 - Xf = and A(A) = A \ {A = X l = 0} = 
A sm . □ 
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